We use high order finite difference methods to solve the wave equation in the second order form. The spatial discretization is performed by finite difference operators satisfying a summation-by-parts property. The focus of this work is on the numerical treatment of non-conforming grid interfaces. The interface conditions are imposed weakly by the simultaneous approximation term technique in combination with interface operators, which move the discrete solutions between the grids on the interface. In particular, we consider interpolation operators and projection operators. A norm-compatibility condition, which leads to stability for first order hyperbolic systems, does not suffice for second order wave equations. An extra constraint on the interface operators must be satisfied to derive an energy estimate for stability. We carry out eigenvalue analyses to investigate the additional constraint and how it is related to stability, and find that the projection operators have better stability properties than the interpolation operators. In addition, a truncation error analysis is performed to study the convergence property of the numerical schemes. In the numerical experiments, the stability and accuracy properties of the numerical schemes are further explored, and the practical usefulness of non-conforming grid interfaces is presented and discussed in two efficiency studies.
Introduction
For wave propagation problems, the computational domain is often large compared with the wavelength, and waves travel for a long time. It has been shown that high order accurate discretizations in time and space are more efficient to solve these problems on smooth domains [7, 11] . Although it is straightforward to derive high order finite difference schemes in the interior of the computational domain, it is challenging to derive the boundary closures in a stable and accurate way. For long time simulations, it is also desirable that the discretization is strictly stable [8, pp. 129] . A successful candidate of high order finite differences is the summation-by-parts simultaneously approximation term (SBP-SAT) method [3, 26] . An SBP operator [13] approximates a spatial derivative, and mimics integration-by-parts via its associated norm. The SAT method [2] is used to impose boundary conditions and grid interface conditions weakly.
Traditionally, the wave equation is written as a first order hyperbolic system, and is then solved by the well-developed methods for such systems. However, there are various drawbacks in doing so [12] . Therefore, it is desirable to solve directly the wave equation in the second order form. In [27] , an SBP-SAT method for the wave equation in the second order form is developed and the numerical treatment of conforming grid interfaces is discussed. Stability of the numerical scheme is proved by the energy method, and the convergence property is investigated in the numerical experiments.
For a wave that travels in an inhomogeneous medium, the wave speed varies in space. Since the wavelength is proportional to the wave speed, a reduction in the wave speed confined to a subset of the physical domain yields a wave with a shorter wavelength localized in that subset. In [11] , the accuracy of a numerical solution to a Cauchy problem is stated in terms of the number of grid points per wavelength. For computational efficiency it is important that a fine mesh is used in the subset that constitutes the slower media, and a coarse mesh elsewhere.
To achieve this, one approach is to partition the computational domain into blocks, where the mesh sizes are constant in each block but differ in different blocks. In more than one space dimension, the partition results in nonconforming grid interfaces with hanging nodes. Suitable interface conditions are then imposed to couple adjacent mesh blocks and yield a well-posed problem. Many techniques for the numerical treatment of interface conditions have been proposed. In [24] , an energy conserving discretization of the elastic wave equation in the second order formulation is presented. The finite difference operators satisfy the principle of SBP, and the grid interface with a 1:2 refinement ratio is handled by ghost points. Stability is proved by the energy method, but the convergence rate of the numerical scheme is limited to two.
In [16] the norm-compatible interpolation operators are constructed to handle non-conforming grid interfaces, and the Euler equations are used as the model problem. The norm-compatibility condition leads to an energy estimate for first order hyperbolic systems and the Schrödinger equation [22] . The interpolation error is of the same magnitude as the error due to the derivative approximations by the SBP operators. In the numerical experiments, it is shown that the convergence rate of the numerical scheme applied to the Euler equations is not lowered by using the interpolation operators, compared with the case with only conforming grid interfaces. To use the interpolation operators presented in [16] , the mesh refinement ratio is fixed to 1 : 2 and the mesh blocks must be conforming.
Recently, a general purpose methodology for coupling mesh blocks with nonconforming interfaces was developed in [10] . This technique uses projection operators to move a discrete finite difference solution to piecewise polynomial functions in a subspace of a Hilbert space where the coupling is done. The wave equation in the first order system formulation is used as the model problem. Stability is proved by the energy method, and the numerical experiments demonstrate that the convergence rate is the same as if conforming grid interfaces were used. The projection operators allow for a very flexible configuration of meshing in the sense that the interfaces as well as the mesh blocks do not need to be conforming. Similarly to the interpolation operators, the projec-tion operators satisfy norm-compatibility conditions that are essential for the stability proof to hold.
In this paper, we focus on the numerical treatment of non-conforming grid interfaces for the wave equation in the second order form in the framework of the SBP-SAT methodology. In particular, the stability and accuracy properties are investigated. We have found that in contrast to first order hyperbolic systems for which the norm-compatibility condition leads to stability, an extra condition on the interface operator is needed to derive an energy estimate for the second order wave equation. This condition is satisfied for the second and fourth order accurate interpolation operators constructed in [14] and the projection operators in [10] . We prove stability by the energy method for those cases. For higher order accurate schemes the extra condition is not satisfied, and we cannot prove stability. With an eigenvalue analysis, we have found that the violation of the stability condition is very weak for the projection operators, and in all the numerical experiments we have conducted no unphysical growth is observed for the schemes with the projection operators. In certain cases the SBP-SAT schemes with the sixth and eighth order accurate interpolation operators are not stable.
Local mesh refinement reduces the number of grid points significantly in computations. To achieve full efficiency, the numerical scheme must also be accurate enough. It is desirable that the convergence rate is not depressed by using non-conforming grid interfaces. Even though this is in most cases true for first order hyperbolic systems, the situation for second order equations is less favourable. By a truncation error analysis, we show that the truncation error near the edge of the non-conforming grid interfaces is two orders larger than that with conforming grid interfaces. The large truncation error is only localized at a few grid points in a two dimensional space, and its effect to the convergence rate may be weakened. In fact, the numerical experiments show that the convergence rate with a non-conforming grid interface is only one order lower than the corresponding case with a conforming grid interface. In addition, an efficiency study is carried out by a comparison of the numerical schemes with interpolation operators and projection operators. We have found that in certain cases it is beneficial to use non-conforming grid interfaces, albeit the accuracy reduction.
The structure of this paper is as follows. In §2, the SBP-SAT methodology is introduced. We then discuss stability and accuracy properties of the numerical coupling based on interpolation operators in §3, and projection operators in §4. Numerical experiments are carried out in §5 including the eigenvalue analyses for stability, convergence verifications for accuracy and studies on computational efficiency. We conclude and mention future work in §6.
Preliminaries
We begin with the preliminaries that will be used in the discussion of the SBP-SAT method. Let w 1 (x) and w 2 (x) be two real-valued functions in L 2 [0, 1]. The inner product is defined by (w 1 , w 2 ) = 1 0 w 1 w 2 dx. The corresponding norm is w 1 2 = (w 1 , w 1 ). The computational domain [0, 1] is discretized by N + 1 equidistant grid points
With any fixed N , a grid function can be represented by a vector and an operator can be represented by a matrix. Throughout this paper, we use an operator and a matrix interchangeably when there is no ambiguity.
The SBP operators
We need the following definitions:
Q approximating first derivative ∂/∂x is a narrow diagonal first derivative SBP operator, if H is diagonal and positive definite, Q + Q T = B = diag(−1, 0, ..., 0, 1) and the interior stencil width of D 1 is minimal.
, the first and last row of S is a one sided approximation of ∂/∂x at the boundary and the interior stencil width of D 2 must be compatible for the energy method to be applicable for proving stability. Compatibility [20] means that M (b) can be written as [25] for p = 1, 2, 3, 4, and in [15] for p = 5. In [14] , 2p th order accurate D
2 are constructed for p = 1, 2, 3, and they are compatible with D 1 constructed in [25] . The construction of D 2 requires to solve a large system of nonlinear equations, which makes it very involved when the accuracy order is high. In certain cases, we only need an SBP operator D 2 that approximates second derivative ∂ 2 /∂x 2 , and these operators are constructed in [19] for p = 1, 2, 3, 4 and in [15] for p = 5.
The following lemma, which is often referred to as the borrowing trick [17] , describes an important property of the SBP operator D 2 constructed in [15, 19] : [19] can be written as
whereM is symmetric positive semidefinite and α 2p is a constant independent of h. The values of α 2p are listed in Table 1 for different accuracy orders.
A similar lemma for D
2 constructed in [14] is presented in [27] . There are other types of SBP operators as well. It is possible to increase the accuracy by using a block norm H, meaning that H is diagonal in the interior and has a symmetric-block-structured boundary closure. In this case, the approximation error in the interior and near the boundary are O(h 2p ) and O(h 2p−1 ), respectively. The drawback of the block norm SBP operators is that the energy method is not applicable to prove stability for the wave equation with variable coefficients and/or solved on a curvilinear grid, and unphysical growth is indeed observed in numerical experiments. This has limited the practical usage of the block norm SBP operators. In [15] , artificial dissipation is added to stablize the scheme.
3 Non-conforming grid interfaces handled by interpolation operators
The numerical coupling of conforming grid interfaces by the SAT method for the wave equation is discussed in [27] . Our aim in this section is to generalize the scheme to also couple non-conforming grid interfaces by using the interpolation operators constructed in [16] . To begin with, we consider the two-blockstructured mesh Ω shown in Figure 1a : a coarse mesh Ω L in the left block with n xL × n yL grid points and a fine mesh Ω R in the right block with n xR × n yR grid points. The equality n yR = 2n yL − 1 yields a 1:2 mesh refinement ratio across the interface. In [16] , the interpolation operators are denoted by I F 2C and I C2F , where the subscripts F 2C and C2F refer to fine to coarse and coarse to fine, respectively. Though only interpolation operators for the grid interface with mesh refinement ratio 1:2 are reported, the construction of the interpolation operators with some other refinement ratios (1:4, 1:8, · · · ) is possible by the same technique. To handle a multi-block-structured mesh shown in Figure 1b , even though the interface between the left-up block and the left-down block is conforming, it is necessary to treat it as an interface to make the energy method applicable to prove stability. In other words, the mesh blocks must be conforming.
It is important that the interpolation operators preserve the SBP property. To this end, the following norm-compatibility condition is essential: ) . Here, h is used to denote the magnitude of the mesh sizes for the sake of a simplified notation, though at most four different mesh sizes could be present in the mesh Ω.
With the above accuracy requirement and the norm-compatibility condition (1), 2p th order accurate interpolation operators are constructed for p = 1, 2, 3 and 4 in [16] . Though the accuracy is reduced near the edge of the interface, the number of grid points with the large interpolation error O(h p ) is independent of h.
As will be seen later, when the interpolation operators are used to solve the wave equation an extra condition is posed on the interpolation operators in order to apply the energy method to prove stability: (2) where Ξ ≥ 0 means that the matrix Ξ is symmetric positive semidefinite, and I yL , I yR are identity matrices. It is straightforward to show that Ξ L and Ξ R are symmetric, but the positive semidefiniteness is not a built-in constraint in the construction process of the interpolation operators in [16] . In §5, an eigenvalue analysis is performed to show that (2) is satisfied for the second and fourth order accurate interpolation operators. Negative eigenvalues are present with the sixth and eighth order accurate interpolation operators. However, the scheme with sixth other accurate interpolation operators seems stable in some of the numerical experiments conducted in §5, indicating that (2) is a sufficient but not necessary condition for stability.
Matrix
Size Nonzero 
The wave equation with a non-conforming grid interface
The wave equation in the second order form in two space dimensions is
where −∞ < x < ∞, 0 ≤ y ≤ 1 and 0 ≤ t ≤ t f . We assume that the initial conditions and boundary conditions are compatible smooth functions with compact support. As a consequence, the true solution U is also smooth.
To solve the equation on the mesh Ω shown in Figure 1a , continuity of the solution and continuity of first normal derivative across the grid interface are required.
In the numerical coupling scheme, we frequently pick up solutions along the interface by using the matrices defined in the first column of Table 2 . In each of those matrices, all elements are zero except one element that is equal to one. The sizes along with the positions of the nonzero element are listed in the second and third column of Table 2 . Note that E LR = E T RL . Bold letters are used to denote the operators in two space dimensions, which are obtained from the corresponding one dimensional operators through the Kronecker product A x = A x ⊗ I y and A y = I x ⊗ A y , where I x and I y are identity matrices.
Next, Equation (3) is discretized by the SBP operators on Ω and the grid interface conditions are imposed weakly by the SAT method and interpolation operators. The semidiscretized equation corresponding to (3) reads:
where
and
Here, u and v are grid functions in Ω L and Ω R , respectively. D 2L and D 2R are SBP operators approximating second derivatives. In (4) the penalty terms for the boundary conditions are omitted as the focus here is the numerical treatment of the grid interface. Both SAT u1 and SAT u2 impose weakly the continuity of the solution across the grid interface. The term S T xL in SAT u1 makes the semidiscretization symmetric with respect to the SBP norms. The penalty parameter τ in SAT u2 controls the strength of the weak enforcement, and its value is determined by the energy method. The penalty term SAT ∂u imposes weakly the continuity of the first normal derivative across the grid interface. The penalty terms in Equation (4b) are constructed in a similar way.
In the following, the stability of (4) is proved by the energy method.
Stability analysis by the energy method
Multiplying Equation (4a) by u T t H L and Equation (4b) by v T t H R , and using the equality E LR = E T RL and relation (1),
Next, the following equality is obtained by moving all terms on the right hand side of (5) to the left
Then, an energy estimate exists if E W H ≥ 0 for any u and v, and in this case E W H is a discrete energy of the semidiscretized equation (4) . To achieve this, we need relation (2) to obtain
It then follows for u:
and for v:
(9) In addition, Lemma 2.3 gives:
whereM xL andM xR are symmetric positive semidefinite matrices. Next, we plug in (2.3), (8) and (9) to (7), and obtain
SinceM xL andM xR are positive semidefinite, we have Q 1 ≥ 0. To ensure Q 2 ≥ 0 and Q 3 ≥ 0, we need 2 h xL α 2p τ /2 ≥ 1 and 2 h xR α 2p τ /2 ≥ 1.
In the mesh shown in Figure 1a , the mesh refinement ratio across the grid interface is 1 : 2, i.e. h xR = 1 2 h xL . Thus,
is the condition for E W H to be a discrete energy. Therefore, an energy estimate is obtained if (1), (2) and (11) hold.
As shown above, in order to apply the energy method (2) must be satisfied, which means that the energy estimate is only valid for the second and fourth order accurate schemes. The same interpolation operators are used for the Schrödinger equation in [22] but (2) is not needed for stability. For the Euler equations, (2) is not needed when the standard SBP operators are used for the discretization, but needed when upwind SBP operators are used [16] .
Convergence rate
We discuss the accuracy properties of (4) by analyzing the truncation error of (4a). Equation (4b) can be analyzed in a similar way. The approximation error of the SBP operator D 2L is O(h 2p ) in the interior and O(h p ) near the interface, with the latter one being the dominant source of error. In the first penalty term SAT u1 , a large interpolation error O(h p ) is located near the edge of the grid interface. Due to the h −1 factor in both H −1 x and S T xL , the localized truncation error of SAT u1 is O(h p−2 ). Similarly, we find that the localized truncation errors of SAT u2 and SAT ∂u are O(h p−2 ) and O(h p−1 ), respectively. Therefore, the localized truncation error of the semidiscretization (4a) is O(h p−2 ). In [28] , the convergence of the SBP-SAT discretization of the second order wave equation in one space dimension with a grid interface is analyzed. The result is that if the penalty parameter is chosen strictly larger than the limit value required for stability, the localized truncation error O(h p ) near the grid interface results in an error O(h p+1 ) in the solution for p = 1, and an error O(h p+2 ) for p ≥ 2. In other words, we gain one order in convergence if p = 1 and two orders if p ≥ 2.
In our case, the spatial dimension is two and there is the possibility of another gain in convergence. That is, the number of grid points with truncation error O(h p−2 ) is finite and independent of h. Hence, the L 2 norm of this truncation error is O(h p−1 ), and is one order higher than the pointwise truncation error. Therefore, we can hope to get an extra gain in convergence comparing with the corresponding one dimensional case.
By a convergence test in §5, we find that the extra gain is one order, which gives a total gain of two orders for p = 1 and three orders for p ≥ 2. That is, the localized truncation error O(h p−2 ) results in an error O(h p ) in the solution for p = 1, and an error O(h p+1 ) for p ≥ 2. To obtain this convergence rate, it is important to choose the penalty parameter strictly larger than the value required for stability.
Comparing with the case of conforming grid interfaces, the convergence rate is one order lower. Even though a non-conforming grid interface allows for a local mesh refinement, the loss of accuracy may attenuate its efficiency in practice. To overcome the accuracy reduction by the non-conforming grid interfaces, we have tried to build interpolation operators with error O(h 2p ) in the interior and error O(h p+1 ) near the edge of the interface, based on both diagonal and block norm SBP operators by using the symbolic software MAPLE and the approach presented in [16] . However, we could not find a solution to the resulting system of equations.
An extension to T-junction interfaces
In Figure 1b , the interface between the two blocks on the left is conforming. It is then in many cases desirable not to consider it as a grid interface, but to use the mesh shown in Figure 2a instead, where the interface there forms a T-junction. This is because SBP operators have a larger approximation error near the grid interface than that in the interior. The usage of redundant grid interfaces results in additional errors in the solution. Moreover, avoiding T-junction interfaces may end up in a bad partitioning of the computational domain with many un- The reason is that near the interface intersection point in Figure 2a , the SBP norm in the vertical direction has the interior weights in the left domain, and the boundary weights in the two domains on the right. As a consequence, the norm-compatibility condition is violated and no energy estimate can be derived.
In [21] , the T-junction operators are constructed to handle T-junction interfaces and are applied to the advection equation and the Schrödinger equation in the SBP-SAT framework. Stability is proved by the energy method, but it comes with the cost that the T-junction operators introduce an error O(h 2p ) in the interior of the interface and O(h p ) near the edge of the interface. The T-junction operators can also be used together with the interpolation operators to handle non-conforming grid interfaces. One constraint for the T-junction operators is that the interface intersection point must be a grid point in all involved mesh blocks, for example a close-up T-junction interface in Figure 2b . It is not straightforward to handle the T-junction interface shown in Figure 2c by the same technique.
4 Non-conforming grid interfaces handled by projection operators
In [10] , a new methodology of handling grid interfaces is introduced. In contrast to the interpolation operators which are based on a direct interpolation technique, the new methodology is based on a projection method. The highlights are that there is no strict requirement on the mesh refinement ratio, and the mesh blocks do not need to be conforming. To illustrate how the projection method works, we consider again the mesh Ω shown in Figure 1a , and denote y L in Ω L and y R in Ω R the grids on the interface. In addition, z L and z R denote the discrete finite difference solutions on y L and y R . In a general setting, eight projection operators are used to move z L and z R between the two grids on the interface. Firstly, the discrete finite difference solution z L is projected by a projection operator P L f 2p to a piecewise continuous function based on the grid y L . The associated mass matrix M L on y L is diagonal positive definite since Jacobi polynomials are used as the basis functions. Next, the glue grid y with the mass matrix M g is defined as the grid that consists of the grid points on both y L and y R . The projection operator P L p2g is used to project the piecewise continuous function from y L to y, and is viewed as a basis transformation between polynomial spaces. Similarly, P
Define
For the projection operators P 
Interface treatment with the projection operators
If no T-junction interface is present in the mesh, for example in Figure 1a and 1b, the operators I . If a T-junction interface is present in the mesh, for example in Figure 2 , we cannot use I p L2R and I p R2L in a direct way. Instability occurs around the junction point if on one side the SBP norm has the interior weights while on the other side it has the boundary weights, and no energy estimate can be obtained. To overcome the instability, the coupling is done on the glue grid. That is, we project finite difference solutions to the glue grid, compute the penalty terms there, and project them back to the finite difference grids. In this way, we avoid the instability caused by the SBP norms since the penalty terms are computed on the common glue grid.
The projection technique is very flexible to handle grid interfaces in the sense that we are free to choose the interface structure, the mesh refinement ratio and the accuracy of the diagonal norm SBP operators. In [10] , the authors also couple the SBP finite difference method with the discontinuous Galerkin method, inspired by the relation between the discontinuous Galerkin spectral element method and the SBP-SAT finite difference method [5] .
Finally, we remark that even with the mesh in Figure 1a where both interpolation technique and projection technique are applicable, the interpolation operators I C2F (I F 2C ) are not the same as I p L2R (I p R2L ) in (14) . The latter one has a wider stencil. In the construction procedure of these operators, one gets a system of linear equations after imposing stability and accuracy requirements. The solution of the linear system has a few free parameters. There are different ways to tune those free parameters. In [16] , the free parameters are used to minimize the coefficients of the leading interpolation error in L 2 norm, while in [10] the free parameters are used to minimize the distance between nearest eigenvalues of P p2f P f 2p for a finite difference grid of size 64. The choice of tuning free parameters has no influence on the theoretical order of accuracy, but may have an impact on condition (2) and the practical accuracy. This is studied in more detail in the numerical experiments in §5.
Numerical experiments
In this section, numerical experiments are performed to compare the schemes with the interpolation operators and the projection operators, and verify their stability and accuracy properties. Moreover, we also conduct two numerical experiments to study the efficiency of local mesh refinement by solving the wave equation on a domain with a complex geometry.
The L 2 error and maximum error are computed as the norm of the difference between the exact solution u ex and the numerical solution u h according to
where d is the dimension of the equation and amp is the maximum amplitude of the solution. The convergence rate is computed by
Stability study
We begin with an eigenvalue analysis for condition (2) . The computational domain is x ∈ [−1, 1] and y ∈ [0, 1] with a grid interface at x = 0. In the left domain the number of grid points is 26 in both x and y directions, while in the right domain the number of grid points is 51 in both x and y directions. The mesh refinement ratio is 1 : 2 across the grid interface, which enables both the interpolation operators and projection operators applicable. The matrices Ξ L and Ξ R are symmetric, so they have real eigenvalues. We denote k L and k R the smallest eigenvalue of Ξ L and Ξ R in (2), scaled by the mesh size:
The reason for the scaling is that the elements in Ξ L /Ξ R are proportional to h yL /h yR . In Table 3 , we list k L and k R for the interpolation operators and the projection operators in Column three and four, respectively. For the interpolation Table 3 : IO: interpolation operators, PO: projection operators. Column 3 and 4 correspond to the numerical study of relation (2), and Column 5 and 6 correspond to the eigenvalue analysis of (15).
operators, (2) holds for both the second and fourth order accurate cases with errors up to machine precision. For the second order accurate case, we can prove that k L , k R ≥ 0 independent of h, because Ξ L is diagonally dominant and Ξ R can be transformed to a diagonally dominant matrix without changing the signs of the eigenvalues. For the sixth and eighth order cases, (2) no longer holds. The difference between these two cases is that k L and k R are close to zero for the sixth order case, but far away from zero with the eighth order case. When increasing the number of grid points, the values of k L and k R remain unchanged. For the projection operators, (2) also holds also for the second and fourth order accurate cases. For the sixth, eighth and tenth order cases, (2) does not hold anymore but the values of k L and k R are close to zero, and they become slightly closer to zero as the mesh is refined.
Another way of analyzing stability through numerical experiments is to write the semidiscretized equation (4) as a system of ordinary differential equations
It is stable if the eigenvalues of Q are real and non-positive. Otherwise, the numerical scheme is unstable. We have computed the eigenvalues of Q by using the same mesh as for the computation of k L and k R . All the eigenvalues are real. In Table 3 , the largest eigenvalue of Q is shown in Column five and six for the schemes with the interpolation operators and projection operators, respectively. For the numerical scheme with the interpolation operators, it is stable for the second, fourth and sixth order cases, and unstable for the eighth order case. For the numerical scheme with the projection operators, it is stable for up to tenth order cases even though relation (2) only holds for up to fourth order scheme. The eigenvalue analysis indicates that (2) is sufficient but not necessary for stability.
Accuracy study
In this section, the convergence of the SBP-SAT method applied to the wave equation (3) with a non-conforming grid interface is investigated. The analytical solution to (3) is manufactured, which means that a closed form is chosen and is used to obtain the initial and boundary data. At the outer boundaries, Dirichlet boundary condition is imposed weakly by the SAT method as described in [18] .
A non-conforming grid interface
In the first numerical experiment, the computational domain is [
where a grid interface is located at x = 0, y ∈ [0, 1].
In the grid refinement level r = 0, the numbers of grid points in the left block and right block are 26 × 26 and 51 × 51. The mesh sizes are halved in both x and y directions when r is increased by one. In this setting, the grid refinement ratio is 1 : 2, and both the interpolation operators and the projection operators are applicable for the numerical treatment of interface conditions. The fourth order Runge-Kutta method is used as the time integrator with the step size in time chosen so small that the temporal error is negligible compared with the spatial error.
The manufactured solution to (3) is chosen to be U (x, y, t) = cos(5x + 1) cos(5y + 2) cos(5
The computational results are shown in Table 4 , where 2p and r in the first two columns denote the order of accuracy and the mesh refinement level, respectively. In Column 3, 4 and 5 the errors in L 2 norm, the convergence rates in L 2 norm and maximum norm are shown for the numerical schemes with the interpolation operators, whereas in Column 6, 7 and 8 the corresponding results obtained by the schemes with the projection operators are shown.
For the scheme with the interpolation operators and time step ∆t = 0.1h, the convergence rates in L 2 norm are 1, 3 and 4 for the second, fourth and sixth order schemes, respectively. This agrees with our accuracy discussion in §3. Though stability cannot be proved by the energy method for the sixth order accurate case, it seems that for this particular setting the scheme is stable and exhibits the expected convergence rate. Instability occurs when using the eighth order accurate scheme.
With the projection operators, the convergence rate in L 2 norm is one for the second order accurate scheme, and p + 1 for the fourth, sixth, eighth and tenth order accurate schemes, which agrees with the accuracy discussion in §4. We note that though an energy estimate does not exist for the sixth, eighth and tenth order accurate cases, the schemes are stable and converge as expected. The time step is ∆t = 0.1h for 2p = 2, 4, 6. With this time step, the tenth order accurate scheme yields slightly lower convergence rate than expected, and the result shown in Table 4 is obtained with ∆t = 0.05h. The eighth order accurate scheme is a special one, since with ∆t = 0.05h it is even unstable. To obtain the results in Table 4 , ∆t = 0.025h is used as the time step, which indicates that the eighth order accurate semidiscretized equation is stiff. Moreover, the error obtained with the eighth order accurate scheme is larger than the error obtained with the sixth order accurate scheme, except for the finest mesh refinement level.
From Table 4 , it is also observed that the errors are similar to each other for the schemes of the same order of accuracy with interpolation operators and 5.86 Table 5 : Convergence for the wave equation with a T-junction interface handled by the projection operators.
projection operators.
A T-junction interface
Next, we consider the computational domain [−1, 1] 2 that is divided into three mesh blocks as shown in Figure 2a In the grid refinement level r = 0, the numbers of grid points in Block 1 (left), Block 2 (right-up) and Block 3 (right-down) are 28 × 51, 27 × 25 and 51 × 50, respectively. The mesh sizes are halved in both x and y directions when r is increased by one. This partitioning and meshing result in a highly non-conforming grid interface with a close-up shown in Figure  2c . The interface conditions are imposed weakly by the SAT method with the projection operators. To test convergence, (16) and first order convergence rate is obtained for p = 1. Here, we observe again that the schemes higher than fourth order accuracy are stable though no energy estimate can be obtained.
Efficiency study
In many applications, the frequencies of the present waves are given by initial and boundary data, and internal forcing functions. The wavelength of a wave is determined by the ratio between the wave speed of the material in which the wave is traveling and the frequency of the wave. The accuracy of a numerical solution can be stated in terms of how many grid points per wavelength are used to resolve the present waves [11] . A reduction in wave speed confined to a subset of the physical domain yields waves of a shorter wavelength localized in that subset. For accuracy it is therefore necessary to refine the grid to compensate for the shorter present wavelengths. For computational efficiency it is important that this refinement is done only in the subset that constitutes the slower media, since it is only in the slower media that wavelengths are reduced. As an example Figure 3 shows the scattering and diffraction of an acoustic time-harmonic plane wave impinging on a circular region of a slower material, the wavelength is seen to be reduced inside the circular region. Geometrical features of the physical domain such as a complex boundary or an internal cavity introduce a local radius of curvature. A small local radius of curvature compared with the present wavelengths can imply difficulties when generating a computational grid. As an example Figure 4a shows the scattering of an acoustic time-harmonic plane wave impinging on a circular cavity of a radius of curvature smaller than the wave length of the incoming and scattered waves. A part of the grid used to represent the wave field is shown as an inset, where it is seen in Figure 4b that the quality of the grid is impaired as the grid spacing gets unnecessarily small close to the cavity.
In the preceding experiments it has been verified that using interpolation and projection operators to patch together the computational grid in a multi-block fashion yields a stable discretization, the convergence rate, however, was seen to be reduced. In the following experiments we investigate the practical benefit of using interpolation operators and projection operators in a region with a slower wave speed or a geometrical feature of a small radius of curvature albeit the order reduction. In particular, we will consider experiments involving acoustic waves impinging on a circular cavity and a circular inclusion of a differing material. The numerical method used to solve the acoustic wave equation in the following experiments is based on the SBP-SAT scheme described in [27] . The geometrical features are handled by using a multi-block strategy to decompose the physical domain into blocks, where each block allows for a mapping to curvilinear coordinates. In [27] the blocks that constitute the domain are discretized by using conforming grids and patched together by the SAT method. In this paper we allow for non-conforming grids by implementing interpolation operators as well as projection operators into the handling of the multi-block interfaces.
The following numerical experiments use two different two dimensional domains:
• D 1 : An acoustic plane with a circular cavity of radius a.
• D 2 : An acoustic plane with a circular inclusion of radius a.
The geometries of the domains are handled by decomposing each domain in a multi-block fashion. The blocks are then patched together to compound the entire domain. A detailed description of how these two grids are constructed is presented in the Appendix.
A circular cavity
In this numerical experiment, we consider a domain of an infinite homogeneous medium with a circular cavity of radius a = 1. Let a plane harmonic wave u i = e i(ωt−γx) propagate in that domain and impinge on the cavity. A scattered wave u s is generated when the incident wave hits the cavity, and the total displacement u i + u s satisfies the wave equation. Homogeneous Neumann boundary condition is imposed at the cavity boundary. A detailed derivation of an analytical solution is found in [6, §7] . 7, 11.7] and the cavity is centred at the origin. Two ways of partitioning the domain are considered, namely the N-partitioning and the T-partitioning shown in Figure  5a and 5b, respectively. In the N-partitioning approach, we only use conforming gird interfaces and conforming mesh blocks. The cavity is surrounded by four blocks that constitute the square [−11.7, 11.7] 2 , which is attached by a rectangular domain to the left. The numbers of grid points on each edge are shown in the figure, and are chosen so that approximately 20 grid points per wavelength are used in the discretization. In this setting, the mesh is of bad quality since the mesh size near the cavity is significantly smaller than that near the outer boundaries. To overcome this drawback, we propose the T-partitioning where the cavity is surrounded by a small square block [−1.3, 1.3]
2 . Here, all the grid interfaces are also conforming but a T-junction interface is present at x = −11.7 with the intersection points marked by the dots. Again we choose the mesh size so that there are approximately 20 grid points per wavelength, and here it is only over-resolved in the small block [−1.3, 1.3] 2 . The T-partitioning results in a mesh of 54903 grid points. The number of grid points with the N-partitioning is about doubled to 109867.
We employ the fourth and sixth order SBP-SAT method to propagate the wave for ten periods, and show the recorded maximum errors in Figure 6a and 6b. In both cases, the maximum error with the T-partitioning is about three times larger than that with the N-partitioning. The is not surprising because the mesh with the T-partitioning has less grid points than the mesh with the N-partitioning, and the corresponding scheme with the T-partitioning has one order lower convergence rate than that of the N-partitioning. It does not seem to improve the efficiency by using T-junction interfaces for this case.
Although using T-junction interfaces introduces a larger error in the solution, it could be beneficial for a problem with a more complex geometry. For example, if there are several cavities in the domain, an N-partitioning that only allows conforming mesh blocks would produce a large number of small mesh blocks. With a higher order accurate scheme, the boundary stencil gets wider and the number of grid points in each direction must be large enough in every It is therefore over-resolved in those small mesh blocks and results in a suboptimal performance of the numerical scheme, and T-junction interfaces could be desirable.
A circular inclusion
Consider a circular domain of radius a = 1 embedded in an infinite surrounding medium of differing material with wave speed c. Let the wave speed c ′ of the circular domain be such that c ′ < c and let an incoming time-harmonic plane wave u I (x, y, t) = e i(ωt−γx) , γ = ω c travel in the x-direction and impinge on the circular inclusion. The resulting field consists of the incoming wave u I , as well as the scattered and diffracted waves u S and u D , respectively. The conditions at the interface of the circular inclusion are
where ∂ ∂n denotes the normal derivative on the interface. Since c ′ < c, the short wavelength occurs inside the circular domain. An analytical expression for the solution is given in [1, pp. 667] .
In the numerical experiments we take ω = 2π, c = 1 and c ′ = 1/10, which give a wavelength of 1 and 1/10 outside and inside the circular inclusion, respectively. To resolve the geometric features, the computational domain is decomposed into 10 conforming blocks as shown in Figure 7 . We take the side length 2D = 2.6 for the square block outside the circular inclusion, and the side length 2d = 0.7 √ 2 for the square block inside the circular inclusion. Both square blocks are centered at the origin. The Cartesian block [−5.9, −1.3] × [−1.3, 1.3] is then attached to the left of this representation. Firstly, we only use conforming grid interfaces with the numbers of grid points in each block given in Table  6 . The resolution outside the circular inclusion is about 16 and 51 points per wavelength in the horizontal and vertical direction, respectively. Inside the circular inclusion the waves are resolved by about 10 grid points per wavelength in both directions. Hence, the waves are significantly over-resolved in the vertical 101 101 Table 7 : Number of grid points with non-conforming grid interfaces direction outside the inclusion, which leads to a suboptimal efficiency of the numerical scheme.
To amend the over-resolution, we partition the computational domain in the same way as above but use non-conforming interfaces denoted by the small red circles in Figure 7 . The non-conforming grid interfaces are handled by the interpolation and projection operators. The numbers of grid points in each block are chosen as in Table 7 . Now the resolution is reduced to about 26 grid points per wavelength in the vertical direction outside the circular inclusion. The interface conditions (17) are imposed numerically with the SAT technique and at outer boundaries the exact solution is injected at all times. In [4] , the SBP finite difference method applied to the wave equation with the injection method to impose the Dirichlet boundary condition is proved to be stable.
The solution is propagated numerically for 10 temporal periods by the SBP-SAT method and the relative maximum error is recorded at each time step. In Figures 8a and 8b we plot the recorded relative maximum error as functions of time. Here we see that the errors are similar in both cases. The grid with conforming interfaces has 46460 grid points, whereas the grid with non-conforming interfaces has 38710 grid points. The smallest grid size is determined by the resolution inside the circular inclusion, for this reason the time step ∆t = 4 × 10
for the sixth order SBP-SAT method and ∆t = 5 × 10 −4 for the fourth order SBP-SAT method are the same for both grids. We conclude that even though the formal order of accuracy is lowered by using blocks with non-conforming interfaces it can be a beneficial strategy within the SBP-SAT framework when the physical domain contains regions that require a higher density of grid points. We also note that for more complex multi-block domains consisting of a larger number of blocks the benefits of using blocks with non-conforming grid interfaces are expected to increase. In the experiment with the sixth order SBP-SAT scheme with the interpolation operators, the numerical solution blows up quickly, which indicates that the scheme is unstable. The corresponding scheme with the projection operators is stable. According to the stability analysis in §5.1, for the sixth order accurate scheme condition (2) holds for neither the interpolation operator nor the projection operator. If the smallest eigenvalue of Ξ L/R is non-negative, then an energy estimate exists that ensures stability. The smallest eigenvalue of Ξ L/R scaled by the mesh size is in the magnitude of −10 −1 for the sixth order accurate interpolation operators, and −10 −5 for the sixth order accurate projection operators. The violation of (2) is much weaker for the projection operator than for the interpolation operator, which explains the observation in the numerical experiments.
Conclusion and outlook
In this work, high order accurate SBP finite difference operators are used to discretize the wave equation in the second order form on a block-structured mesh. Adjacent mesh blocks are patched together by imposing suitable interface conditions via the SAT technique. The emphasis is placed on the numerical treatment of non-conforming grid interfaces by the interpolation operators and projection operators, which are also compared in terms of the stability and accuracy properties. In contrast to first order hyperbolic equation, stability of the scheme for the second order wave equation introduces an extra condition on the numerical treatment of non-conforming grid interfaces. This condition is satisfied for the second and fourth order accurate cases, and an energy estimate is derived to ensure stability. For higher order accurate schemes, the extra stability condition is violated. We show by the eigenvalue analysis that the violation is stronger with interpolation operators than with projection operators. Unphysical growths are observed in the numerical experiments with high order interpolation operators, whereas with projection operators the scheme is stable in all the experiments we have conducted.
We have also performed a truncation error analysis and an investigation of the convergence property for the scheme, which indicates that the convergence rate is one order lower than that in the corresponding case with conforming grid interfaces. This is verified in numerical experiments. The efficiency studies show that for a problem with a very complex geometry, it could be beneficial to use non-conforming grid interfaces.
For high order accurate interpolation operators and projection operators, there are free parameters left in the construction process. It is desirable to tune the free parameters so that the extra stability condition is satisfied. However, the resulting nonlinear problem seems difficult to solve. To overcome the accuracy reduction, more accurate interpolation operators or new ways of imposing interface conditions are needed.
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The bounding curves of the remaining blocks B
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that constitute the square with the cavity at the center are obtained via rotation by a factor π/2,
cos π/2 − sin π/2 sin π/2 cos π/2 , i = 2, 3, 4, j = S, N, W, E.
The domain D 1 can now be represented by attaching the grid representing the cavity to one or more Cartesian blocks. The circular inclusion of D 2 is decomposed into five blocks B
1 -B
5 . The block B (2) 1 is a square at the center of the circular inclusion with corners at the points (±ad, ±ad), 0 < d < √ 2/2 defined by the bounding curves,
Here a is the radius of the circular inclusion. The block B 
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5 that constitute the circular inclusion of D 2 are obtained via rotations by a factor π/2 as in (18) . The inclusion is then centered inside a square of side 2D by attaching it to the blocks B 
